A numerical pressure correction method is presented for solution of the incompressible NavierStokes equations using non-stationary hybrid grids. The method uses an edge-based nite volume discretization on non-staggered grids and arti cial dissipation is introduced into the momentum equations to suppress oscillatory solutions. Accuracy of the spatial discretization for convective and viscous type calculations is examined via analytic test functions. Various unsteady applications of stationary and moving cylinders are presented and compared with available experimental data. The moving cylinder cases focus on the interaction between the structure and uid and several cases are presented which fall into the \lock-in" regime indicating that the driving frequency of the structure dominates the shedding vortex frequency.
Introduction
During the past two decades a signi cant number of numerical algorithms have been developed for the solution of the incompressible NavierStokes equations 1]. The three major categories of algorithms used to solve incompressible ows Graduate Research Assistant, Member AIAA y Associate Professor, Senior Member AIAA Copyright c 1997 by the American Institute of Aeronautics and Astronautics, Inc. All rights reserved.
are: vorticity-based formulations, arti cial compressibility, and pressure correction methods. For two-dimensional calculations using the vorticitybased approach, the governing equations are formulated in terms of a stream function and vorticity 2]. Direct extension of this method to three dimensions is not possible. However, di erent formulations have been used in three-dimensions, such as the vorticity-velocity approach 3], the vectorpotential approach 4], and the vector stream function method 5]. The selection of boundary conditions is often quite challenging for these methods. The arti cial compressibility approach 6, 7] adds a time derivative of the pressure to the continuity equation and the incompressible ow eld is treated as compressible during the transient stage. Time accuracy of the simulation is usually not preserved, but recent progress has been made in the development of time accurate algorithms 8]. The third class of algorithms, called pressure correction methods, use a Poisson equation for the pressure eld. This procedure computes an initial pressure and velocity eld and then iterates until the continuity equation is satis ed.
As each of these methodologies have matured, their application scope has broadened and recent years have seen the extension to ow-structure type applications with oscillating or freely moving geometries 9, 10, 11] . These simulations are applicable to a wide class of problems including aerodynamics, o shore marine science, and civil and industrial engineering applications. The present work is focused on simulating various ow-structure interaction problems and extends a previous pressure correction method 12] with the addition of non-stationary hybrid grids and an edgebased nite volume discretization. The use of hybrid grids allows for more complex geometries and facilitates simulating multiple bodies within a computational domain.
This paper presents a pressure correction formulation and nite volume discretization for the governing incompressible Navier-Stokes equations using non-stationary hybrid grids. The scheme operates on a non-staggered mesh and introduces arti cial dissipation to remove oscillatory modes in the ow-eld. The spatial accuracy of the nitevolume integration and suitability of the hybrid mesh are evaluated using analytic test functions. Validation of the numerical scheme is examined by comparing several xed cylinder geometries in steady and oscillating far eld ow with experimental data. Applications of the non-stationary hybrid grid are then presented for various sinusoidally oscillating and freely vibrating cylinders in uniform far eld ow. Force response histories and their corresponding frequency responses are presented and the frequencies are compared to experimental values. Finally, snapshots of two moving cylinder ow-elds are presented illustrating the ow-structure interaction for large-amplitude oscillations.
Governing Equations and Pressure Correction Formulation
The governing Navier-Stokes equations are normalized by a characteristic length (L) and the freestream velocity (U 1 ). Terms in the equations are rearranged into inviscid, viscous, and source terms. The source term arises for cases involving non-stationary grids. 
The solution procedure for equation (1) uses a forward Euler marching scheme in time for the momentum equations and applies a pressure correction formulation to obtain a divergence free velocity eld at each time level. This procedure follows the SMAC method discussed in 13]. Speci cally, at each time level an auxiliary velocity eld,ũ 0 , is obtained directly from the momentum equations using values from the previous time level. In terms of the primitive variables,ũ 0 is computed such that it satis es: u 0 ?ũ (n) t + r ũ (n)ũ(n) = 1 Re r 2ũ(n) (8) However, the auxiliary velocity eld may not satisfy the continuity equation. As a result, the velocity and pressure elds are corrected in the following manner. Subtracting equation (8) from the original momentum equation which treats the pressure term implicitly results in:
By introducing a scalar potential , such that: u (n+1) ?ũ 0 = ?r (10) the following equation for pressure is obtained:
Finally, taking the divergence of each side of equation (10) and using the continuity equation, the following Poisson equation is obtained for : r 2 = ?r ũ0 (12) Using the values obtained from equation (12), the velocity and pressure elds are corrected as follows:
u (n+1) =ũ 0 ? r (13) P (n+1) = 1 t (14) Thus, the overall solution procedure corresponding to marching forward one time-step can be summarized as follows:
Calculate the auxiliary velocity vectorũ 0 from equation (8) usingũ (n) values.
Solve the pressure correction Poisson equation (12) and obtain the values.
Correct the pressure and velocity elds at time level (n+1) using equations (13) and (14) .
An interesting point to note regarding the outlined solution procedure is that the pressure term has been omitted from the auxiliary momentum equations (equation 8). The removal of this pressure term has been found to help suppress oscillatory modes in the pressure eld 14]. Consequently, the resulting pressure correction formulation presented here is slightly di erent than the standard pressure correction approach.
Finite-Volume Spatial Integration for Hybrid Elements
The present numerical method uses a nonstaggered cell-vertex scheme with mixed rectangular and triangular elements. Using a nite volume discretization, a node-centered dual cell is de ned which represents the control volume over which the integral averages of the governing equations are evaluated. These dual cells are constructed by connecting the mid-points of the edges and centroids of the triangular and/or quadrilateral faces that surround a node. Examples of this node-centered dual cell for various hybrid grid con gurations are illustrated in Figure 1 .
Inviscid Terms
The Navier-Stokes equations for incompressible viscous ow are given in integral form for a bounded two-dimensional domain as follows:
The state, ux, and source vectors have been previously de ned in equations (2) through (7). Using the nite volume approach, the volume integral containing the spatial derivatives of the inviscid ux vectors in equation (15) (16) The ux summation over the faces of the nodecentered dual cell is equivalent to the summation of the uxes through all the edges for that portion of the dual cell corresponding to each edge. Thus, the surface integral on the right hand side of equation (16) is rewritten in discrete form on an edge-wise basis as:
where L x and L y are the edge-length projections for that portion of the dual cell associated with each edge e in the corresponding coordinate directions. For the above summation, the ux vectors are required at the center of each edge e and their values are obtained by averaging the nodal values at the edge endpoints. Since the ux summation is over the edges, the scheme is blind to whether a node lies in the triangular, quadrilateral, or interface regions of the mesh. Consequently, the use of hybrid elements does not incur any added complexity to the integration procedure but does o er heightened exibility towards the types of geometries which can be simulated.
Viscous Terms
The divergence theorem is also applied to the viscous terms of equation (15) The viscous ux vectorsF V andG V of equation (18) contain the gradients of the velocities that need to be calculated at the edge centers. For this calculation, another conceptual dual cell is used that is edge-centered as opposed to the previously de ned node-centered counterpart. The edgecentered dual cell is composed of all the cells which share an edge. Examples of this alternate dual cell are shown in Figure 2 . Once the rst-order derivatives of the termsF V andG V have been calculated at each edge, the second-order viscous terms are then evaluated at the nodes. The integral of equation (18) is thus discretized similarly to the inviscid terms using edge-based operations as follows:
Timestep Calculation
In the present central space and forward time di erenced scheme, a combination of the convective and di usion stability limitations is employed. Speci cally,
Re(jLx i j+jLy i j) (20) where A i is the dual area corresponding to node i, u i and v i are the velocities at node i, L x i and L y i are the projected edge-lengths of the edges of the dual cell corresponding to node i, and ! is the CFL number.
Boundary Conditions
At a viscous wall the velocity components are set equal to zero while the derivative of the scalar potential in the normal direction, @ @n , is also set equal to zero. The far eld boundary conditions set the velocity to be equal to the free-stream velocity and @ @n to be equal to zero. At symmetry boundaries, the tangential components of the velocity at the center of the boundary cell are projected to the cell edges on the symmetry boundary. Furthermore, the normal component of the velocity on a symmetry boundary is set to zero and @ @n is also set to zero.
Arti cial Dissipation
Central space di erencing schemes are susceptible to oscillatory modes in the velocity eld. Furthermore, odd-even decoupling of the solution may appear in the pressure eld when a non-staggered type of mesh is employed. To stabilize the calculations for high Reynolds number ows, arti cial dissipation is often used. In the present work, a fourth-order smoothing term is added explicitly to the momentum equations 15]. The smoothing operator is edge-based and cast in a form suitable for unstructured grids. Consider an edge formed by the nodes i and j. The second-order di erence of the state vector Ũ 2 at node i is evaluated as follows:
where j denotes the n edges surrounding node i.
The fourth-order smoothing contribution is computed in a similar fashion by accumulating secondorder di erences over all the edges sharing a node. Note that the fourth-order di erence is scaled by the time step at node i, t, and the nodal area, A i , as follows:
The coe cient 4 is the arti cial dissipation factor whose value is empirically chosen such that the solution accuracy is not a ected 16].
Analytic Field Function Testing
Spatial accuracy of the nite-volume scheme and suitability of the hybrid mesh are evaluated via analytic eld functions. The analytic results for two di erent eld functions are compared with the solution obtained from the numerical calculations. First, the divergence calculation is tested using the vectorŨ = (x + y)î + (x + y)ĵ. The error of the numerical solution is de ned as:
A hybrid mesh around a cylinder consisting of 3744 nodes is used to test the divergence calculation.
The mesh and contours of the linear test function are shown in Figure 3 (a). A histogram of the error distribution for the numerical divergence calculation is given in Figure 4 (a). As expected, the maximum error occurs near the quadrilateral/triangular interface with a value of 2.1%. Note, however, that over 80% of the nodes have errors less than 0.5%. A second order calculation, such as the viscous terms of equation (1), is also tested using the analytic eld given byŨ = (x 2 + y 2 )î + (x 2 + y 2 )ĵ.
The error for this test eld is now de ned as:
The same hybrid mesh used for the divergence calculation is used again for this second order calculation. The mesh and contours of the corresponding quadratic eld function are shown in Figure 3 (b). The resulting histogram of the error distribution is given in Figure 4 (b). The maximum numerical error for this case is less than 1.1% and over 90% of the nodes have errors less than 0.5%.
Results
Two classes of unsteady, incompressible ow simulations around a cylinder geometry are presented.
The rst class simulates xed geometries with both uniform and oscillating far eld boundary conditions and serves as a test-bed to establish accuracy of the present scheme. For the second class of problems a moving mesh is implemented which follows the structure as it moves through the oweld. The ability to simulate moving bodies allows for greater investigation of the interaction between the uid and solid and is the focus of the present work.
Fixed Bodies in Uniform Far eld Flow
Flow around circular cylinders is of signi cant engineering interest and has been studied extensively in the past. In this type of blu body ow, the boundary layer on the surface separates to yield pairs of vortices in the wake of the cylinder. These vortices are stationary for low Reynolds numbers but are shed from the cylinder surface at higher Reynolds numbers. The shed vortices then convect downstream forming a characteristic wake which has a regular oscillation frequency. The To begin validation of the present scheme, a series of simulations was performed to obtain the drag coe cients of a circular cylinder over a wide variety of Reynolds numbers. These results are compared with two experimental curves 17, 18] and are shown in Figure 5 . The drag coe cient values agree quite well with the experimental results up to Re = 10 3 . For higher Reynolds numbers the numerical results are seen to slightly overpredict their experimental counterparts. This overprediction is likely due to the fact that the series of simulations was performed without a turbulence model.
To further investigate the time accuracy of the scheme, two xed cylinder geometries of varying cross-sections were simulated. For the rst case, a xed circular cylinder with Re = 10 3 was considered. A relatively coarse polar grid was used which had 52 nodes in the radial direction and 72 nodes in the circumferential direction. The smallest grid normal spacing near the wall was 2:00 10 ?2 and the mesh had a grid stretching factor of 1.15.
In-line and transverse force histories on the cylinder for this case are shown in Figure 6(a) . After approximately t = 80 seconds, these force histories exhibit a very regular periodic pattern with the alternating amplitudes corresponding to the vortices alternately shedding from the upper and lower cylinder surface. There is an initial startup period prior to the fully developed ow because an arti cial asymmetry is introduced to the computation to instigate the alternating ow pattern. A Fourier transform frequency response of the transverse force after the ow is fully developed is shown in Figure 6 The second case simulates a cylinder with a square cross-section, also at Re = 10 3 . This square cylinder geometry o ers a nice contrast to the circular cylinder because the resulting Strouhal frequency is signi cantly reduced due to the xed separation points at the rear corners of the square cross-section. An all triangular mesh was used consisting of 6346 faces and 3265 nodes. The smallest grid normal spacing near the wall was 2:00 10 ?2 .
To exemplify the geometry, a snapshot of the developed solution is shown in Figure 7 . The resulting in-line and transverse force histories for this case are given in Figure 8 (a) and the corresponding frequency response of the transverse history is shown in Figure 8 
Fixed Cylinder in Oscillating Far eld Flow
This application considers ow around a circular cylinder with a planar oscillatory ambient (far eld)
ow. This problem is of interest in connection with hydrodynamic forces on large cylindrical elements in o shore structures subjected to the ac-tion of waves and currents. For such problems, the Keulegan-Carpenter number (KC) is an important parameter and is de ned by:
where D is the cylinder diameter, U 1 is the ambient velocity amplitude, and T is the period of ambient ow oscillation. The associated Reynolds number is:
where is the kinematic viscosity of the uid. The free-stream velocity is set to oscillate sinusoidally as follows:
This case simulates an oscillating far eld ow with KC = 15 and a Reynolds number of Re = 19050 as presented in 22]. The mesh for this case was a ne polar grid with 111 nodes in the radial direction and 144 nodes in the circumferential direction. The initial near wall spacing was 2:00 10 ?4 and a grid stretching factor of 1.10 was employed in the direction normal to the surface. The resulting in-line force coe cient history is shown in Figure 9 (a). The transverse force history for the same case is shown in Figure 9 
Moving Cylinders and the Lock-in Phenomenon
The remaining cases take advantage of the moving mesh capability as the cylinder is either forced to oscillate sinusoidally or allowed to vibrate freely as an elastically mounted structure. In both cases, the possibility exists for the vortex shedding frequency of the cylinder to change in order to match the frequency of the cylinder motion. When this synchronization occurs, the phenomenon is deemed lock-in since the vortex shedding no longer occurs at the natural shedding (Strouhal) frequency 9]. The ability to simulate the lock-in phenomenon successfully is crucial in such areas as o shore technologies where lock-in can result in the failure of a structure due to extended fatigue.
Sinusoidally Oscillating Cylinder
For the rst oscillating case, the cylinder motion is in the in-line direction with an amplitude of 0:1D. The oscillation frequency is 0.1 and Re = 10 3 . Response histories of the in-line and transverse forces are shown in Figure 11 (a). Note that the response histories are identical to those shown for the xed cylinder case of Figure 6 (a) up to around t = 80 seconds. This result is due to the fact that the cylinder motion is started at t = 81 seconds so as to allow the alternating vortex ow to be fully developed. The corresponding frequency response for the transverse force history is shown in Figure 11 (b) and indicates two dominant frequencies. The most dominant frequency occurs at 0.21 which corresponds to the Strouhal number, or the natural shedding frequency. However, the second dominant frequency occurs at 0.10 which is exactly the driving frequency of the cylinder motion. Thus, the driving motion of the cylinder alters the vortex shedding history but does not yet dominate the shedding frequency completely.
If the cylinder motion is changed to be in the transverse direction, but with the same amplitude, frequency, and Reynolds number as before, a radically di erent force history is obtained. The inline and transverse forces for this cylinder oscillating transversely are shown in Figure 12 (a). Once again, the cylinder motion does not start until t = 81 seconds. The frequency response for the transverse force history is shown in Figure 12 (b). For this case, there is only one dominant frequency and it coincides with the driving frequency of the cylinder motion indicating that this case falls into the lock-in regime.
The nal oscillating cylinder case also simulates Re = 10 3 but has an oscillation frequency of 0.1667 and a much larger oscillation amplitude of 0:5D. This ow con guration is known to lie within the lock-in regime 9, 25] and was chosen speci cally to exemplify the ow structure interaction of the oscillating cylinder. Figure 13 shows snapshots of the velocity eld at four di erent times within one period of the cylinder oscillation. The dark vertical line corresponds to the mean coordinate about which the cylinder oscillates. Figure 13(a) corresponds to the beginning of one cycle of the cylinder oscillation. At the beginning of the cycle, a vortex is seen near the upper surface of the cylinder. As the cylinder begins moving to the right, vortices near the cylinder surface begin to be swept back around the cylinder. Figure 13 (b) corresponds to having completed one quarter of the oscillation cycle when the cylinder is at its farthest right-most location. At this point in the cycle, a vortex near the lower cylinder surface is seen to have been pushed down and the lower recirculation zone sweeps back around the surface geometry. Figure 13(c) shows the velocity eld after the cylinder has moved back to the left and corresponds to three quarters of the oscillation cycle. During this phase, the recirculation zone is very large and two vortices are seen much farther away from the cylinder surface. Figure 13(d) shows a velocity eld snapshot after having completed just slightly more than one full cycle of the oscillation. As the cylinder moves to the right through its middle location, a vortex is again seen near the upper surface of the cylinder and the ow eld resembles that of the initial snapshot in Figure 13 (a).
Freely Vibrating Cylinder
The freely vibrating cases treat the cylinder as an elastically mounted structure which dynamically responds to the vortex oscillations present in the uid ow. This class of problems is frequently called vortex-induced vibrations (VIV) and is applicable to a wide class of aerodynamic and o shore marine science applications. Assuming that the cylinder is constrained to move in only the transverse direction and considering only rigid body motion, the equation of motion for the cylinder is: m y + c _ y + ky = f(t) (29) where m is the mass per unit length of the cylinder, c is the damping coe cient, k is the sti ness coe cient, and y denotes the transverse location of the cylinder centroid. The right hand side of equation (29) contains the time-dependent external force, f(t), which is computed directly from the uid ow eld. Consequently, the uid and structure problems are loosely coupled and the solution procedure for marching forward one global timestep is outlined as follows:
Obtain pressure and velocity elds at the current time level using the numerical pressure correction algorithm.
Compute the force coe cients acting on the cylinder from the pressure and velocity elds.
Use the force coe cients to compute the net external force acting on the cylinder surface, f(t).
Compute the new centroid displacement and velocity of the cylinder using a standard 4th-order Runge Kutta integration for equation (29).
Update the mesh velocities of the ow solver accordingly to match the new cylinder velocity.
To demonstrate the uid-structure coupling during lock-in, a freely vibrating cylinder was simulated at a low Reynolds number of 110. The
Reynolds number and the m, c, and k parameters characterizing the cylinder structural properties were chosen to match the experimental setup presented in 26]. The cylinder was constrained to move in the transverse direction and the surrounding uid was assumed to be water as per the experiment. The cylinder was not allowed to move until the ow was fully developed for the xed cylinder geometry. Figure 14 shows the time evolution of the transverse cylinder displacement once it is allowed to respond freely to the surrounding ow-eld. The cylinder displacement is seen to increase monotonically until it reaches a peak amplitude of approximately 30% of the cylinder diameter. The frequency response of the transverse force history for the xed cylinder case is shown in Figure 15(a) . This gure indicates that the natural vortex shedding frequency of the cylinder is 0.190. In contrast, the natural structural vibration frequency, f n , of the cylinder based on m and k (in air) is 0.179.
A frequency response of the transverse force history after the cylinder has reached the maximum vibration amplitude is given in Figure 15(b) . The gure indicates that the vortex shedding frequency has changed from its natural frequency to a value of 0.177, a value slightly lower than the natural frequency computed in air. This result is consistent with the experimental results during lock-in where the vortex shedding frequency was measured to be slightly lower than the natural frequency of the cylinder.
The nal freely vibrating cylinder case simulates the same ow-structure con guration as above, but the cylinder is no longer constrained to move in only the transverse direction. Instead, the cylinder is assumed to be elastically mounted with the same m, c, and k parameters as before in both the in-line and transverse directions. The complete time evolution of the cylinder displacement for this con guration is shown in Figure 16 (a). The arrow indicates where the simulation begins and corresponds to the time when the cylinder was allowed to move in the in-line direction. Note that the initial cylinder motion is in the shape of an ellipse but changes radically to a nal teardrop shape over the coarse of the simulation. Figure 16(b) shows the cylinder displacement at the end of the simulation and emphasizes the nal teardrop shape. To exemplify the ow-eld during lock-in of a freely vibrating cylinder, four velocity eld snapshots from the beginning of the same simulation are shown in Figure 17 . The two dark lines are stationary reference points corresponding to the initial location of the cylinder centroid. The four snapshots span approximately one period of cylinder vibration in the transverse direction. The transverse displacement for this freely vibrating cylinder is seen to heavily in uence the surrounding velocity eld as the wake region alternates between the upper and lower surfaces of the cylinder.
Summary
A numerical pressure correction algorithm has been developed for the incompressible NavierStokes equations using non-stationary hybrid grids. The method stores primitive variables in a nonstaggered fashion and arti cial dissipation is introduced into the momentum equations to suppress oscillatory solutions. Various applications of stationary and moving cylinders were presented and compared with available experimental data. Several sinusoidally oscillating and freely vibrating cylinder cases fell into the \lock-in" regime indicating that the driving frequency of the structure dominated the shedding vortex frequency. The dark vertical line is included as a reference point and corresponds to the mean coordinate about which the cylinder oscillates. 
